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Structural equivalence: We define the equivalence = that allows
®-eliminators to “float™
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Such that they satisfy certain correctness criteria
® The incident (top) edges are premises.

® The emergent (bottom) edges are conclusions.

Derivation trees in MLL sequent calculus are in correspondence with
proof nets.

The proof nets come equipped with a cut elimination reduction for ax,
R/R.
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TFt:A—oB [MFs:A °
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Substitution

Substitution lemma
M,a:AFt:B IyFs: A
Fl,F2 = t{a = S} ' B

sub




Contrasubstitution

Contrasubstitution lemma

M,a:AFt:B ToFs:B*

M, t{a\s}: AL

contra

1
r2

— (t{a\s})’
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The rules for the tensor ® remain identical to the ones of AmLL.

% typing rules

l,arAb:BEGE: L

m-i%y
;T ®(a,b).t: A-® Bt

Tt A®B ks At Tt A®B ks Bt

m-e%¥1
Fts:B L tvs A

[

m-e2¥>
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I Ft:B A Fs:Bt
m-i L
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—m-il m-el
A Fx:l ; Fitlx:=s]:A
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Observations regarding our typing system

® | serves as a pivot for introducing the exponentials and %.

® There are many other alternative rules we can take and get a
complete/sound system:

AEA AATEL

A Al Aa
ATEL ATHEA A TIAT A
ArrAY ArrAY Tarrial

but they don't lead to a well-behaved contra-substitution operation.
e If we add the rule (in the style of Barbanera, Berardi (1996))

A;Tja: ARt L
AT Fdat: At

where Aa. t is shorthand for %(a, b).t4 b

Then we could drop all of m-e®, m-e%¥1, m-e?%¥», m-e!, m-e? and
m-el. However, it ends up being non-confluent.
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Reduction

We have the following rules for reduction that arise from
introduction/elimination pairs. We assume both sides have equal type.
Let L,K,... stand for L := 0| L[{a, b) := t] |L['uv := t] | L[x := t]

(%(a,b).t)L r —amL t{a=ri{b\x}L (b ¢ fv(r))
(% (a, b).t)LVYr —azr t{b:=r}{a\x}L (a¢fv(r))
t[(a,b) :==(s,r)L] —pe t{a:=sHb:=r}L (b¢ fv(s))
t[lu = (la.s)L] — 1 t{u:=s{a\ » }}L
t»?(?u.s)L —gr s{u:=t{a\ x }}L
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Reduction

We have the following rules for reduction that arise from

introduction/elimination pairs. We assume both sides have equal type.
Let L,K,... stand for L :

(%(a,b).t)L r

(% (a, b).t)LVYr
t[(a, b) := (s, r)L]
t[lu := (la.s)L]
t»?(?u.s)L

=0|L[(a, b) := t]|L['v := t]| L[* := ]

= B7L
B3R
gl
i—)m
i—>ﬁ_7

t{a:=r}{b\ *}L (b ¢ fv(r))
t{b:=rH{a\ L (a¢fv(r))
t{a:=s}{b:=r}L (b ¢ fu(s))

t{u:=s{a\ » }}L
s{u:=t{a\ x }}L

o If A;T,a: A t: L then A;T Ft{a\ x}: At
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Reduction

We have the following rules for reduction that arise from
introduction/elimination pairs. We assume both sides have equal type.
Let L,K,... stand for L := 0| L[{a, b) := t] |L['uv := t] | L[x := t]
(®(a, b).t)L r —amL t{a=ri{b\x}L (b ¢ fv(r))
(®(a, b).t)LVr —azr t{b:=r}{a\x}L (a¢fv(r))
t[(a,b) :==(s,r)L] —pe t{a:=sHb:=r}L (b¢ fv(s))
t[lu = (la.s)L] — 1 t{u:=s{a\ » }}L
t»?(?u.s)L —gr s{u:=t{a\ x }}L

o If A;T,a: A t: L then A;T Ft{a\ x}: At
® We have no reduction rules for the introduction/elimination of 1
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Reduction

We have the following rules for reduction that arise from
introduction/elimination pairs. We assume both sides have equal type.
Let L,K,... stand for L := 0| L[{a, b) := t] |L['uv := t] | L[x := t]

(75)(3, b)t)L r —BIL
(75)(3, b).t)LVI’ — B3R
t[(a, b) := (s, r)L] —pe
t[lu := (la.s)L] a1
t»"’(?u.s)L —p?

t{a:=r}{b\ *}L (b ¢ fv(r))
t{b:=rH{a\ L (a¢fv(r))
t{a:=s}{b:=r}L (b ¢ fu(s))

t{u:=

s{a\x }JL
s{u:=t{a\ x }}L

o If A;T,a: A t: L then A;T Ft{a\ x}: At
® We have no reduction rules for the introduction/elimination of 1

A\Unluckily, this doesn't guarantee confluence, thus we are forced to add
the following two pairs of symmetrical reduction rules:

(%®(a, b).t)Ls (s, K
(s,r)L4(%B(a, b).t)K
(la.t)Ls (?u.r)K
(Pu.r)Ls(la.t)K

=3
—en
=7
!

t{a:=s}{b:=r}LK
t{a:=s}{b:=r}LK
r{u:= t{a\ » }}LK
r{u:=t{a\\ * }}LK

(b & fv(s))
(b & fv(s))

18



Structural equivalence

We define it as the reflexive, symmetric, transitive and contextual closure
of the following axioms. For each equation, we assume both sides to have
identical type.
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Structural equivalence

We define it as the reflexive, symmetric, transitive and contextual closure
of the following axioms. For each equation, we assume both sides to have
identical type.

S(t)[p:=r] =prop S(tlp:=r]) (fv(p) Nfv(S) =@ and r is free for S)

We let eliminators float.
® Where [p := r] is any eliminator that is not an ?-eliminator.
® Where S is a context such that its hole is not inside !a.[0 or (I»-?s

tlx =+ =p. t
The I L/E L redex is treated as an equation

thx:=5] =symm« S[x:=t]

Proofs of 1 are interchangeable when they are eliminated

t{a\ x }4r =i t{a:=r}

Every term of type L arises as a contradiction 19



Properties of the calculus

® Logical soundness / completeness.
F T, Ais valid in MELL iff there is a term t such that ;T ¢t : A.

® Subject reduction.
fA;THt: Aand t = sthen A;T s A.

® Structural equivalence is a strong bisimulation.
If t =s — s’ there exists t’ such that t — ¢/ = ¢'.
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Properties of the calculus

® Logical soundness / completeness.
F T, Ais valid in MELL iff there is a term t such that ;T ¢t : A.

® Subject reduction.
fA;THt: Aand t = sthen A;T s A.

® Structural equivalence is a strong bisimulation.
If t =s — s’ there exists t’ such that t — ¢/ = ¢'.

® Strong normalization.
Typable terms have no infinite reduction paths.
Reducibility model inspired by the work Accatoli (RTA 2013)

e Confluence modulo =.

If t - t; and t — t, then there are t; and t} such that: t; — ¢,
to — th and t] = t5.
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The A\pu-calculus

It is a calculus for classical logic, first appeared in Parigot (1992).
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The A\pu-calculus
It is a calculus for classical logic, first appeared in Parigot (1992).

Syntax

= 1l]la|ADB
= x| AX.M|MN|pa.M|[aM

AB,...
M, N, ...
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The A\pu-calculus

It is a calculus for classical logic, first appeared in Parigot (1992).

Syntax

yooo = L|la]ADB
yeor = X | AX-M|MN | pa.M|[a]M

A B
M, N

)

Typing rules (for the new constructors)

Fr<EM:A|Xa: A FrEM:L1|%a:A
p-name p-mu
FrE[aM:L|Xa:A Mr-paM:A|X
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The A\pu-calculus

It is a calculus for classical logic, first appeared in Parigot (1992).

Syntax

B,... == 1l]a|ADB
N,... 2= x| MxM|MN]|upaM|[a]M

A,
M

)

Typing rules (for the new constructors)

Fr<EM:A|Xa: A FrEM:L1|%a:A
p-name p-mu
FrE[aM:L|Xa:A Mr-paM:A|X

Reduction rules (— )

AXx.-M)N — M{x:= N}

(pa.M) N —  pa.(M{a<aN})

[b](pa-M) — M{a:=b}

ERENY - M a ¢ fv(M)

M{a<aN} is the structural substitution replaces subterms of M of the
form [a] O by [a](O N).
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T-Translation for \u-calculus

T-translation for Ay (formulae) cf. Danos (1995)

J_T
(A>B)"

L
17AT —0 ?2BT = 21(AT)L % ?BT
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T-Translation for \u-calculus

T-translation for Ay (formulae) cf. Danos (1995)

NELES——

(ADB)T = IPAT - ?BT =?21(AT)L %787

T-translation for Ay (terms)

xT = x4lk
Ax. )T = 2(a, b)
(MN)T = MT{k:
([aM)T = MT{k:
(pa.M)T = MT{k:

where It abbreviates !a.(t4a) and k

MT[1x == a][lk := b]4 k
= (I7k.NT, 1K)}

=a}tk

=x}{a: =k}

is a fresh unrestricted variable
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T-Translation for \u-calculus

T-translation for Ay (formulae) cf. Danos (1995)

17 o= 1 al =
(ADB)T = IPAT - ?BT =?21(AT)L %787

T-translation for Ay (terms)

xT = x4lk
Ax. M)T = (a, b).MT[x := a][lk := b]4 k
(MN)T == MT{k:= (17k.NT 1k)}
([aIM)T == MT{k:=a}ik
(na-M)" = MT{k:=x}{a:=k}

where It abbreviates !a.(t4a) and k is a fresh unrestricted variable
Proposition

o IfTHM:A|X holds in Ay, then
?rT7 (ZT)L, k: (AT)l;- F MT : L holds in )‘MELL
o If M=, N, then MT — NT.
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Conclusion

This work

New calculi for MLL and MELL based on the construction of the
contrasubstitution.
Good properties such as confluence (modulo =), strong
normalization, etc.
Translations from classical calculi via T and @ translations ct.
Danos (1995):

— T and Q translation for Ay Parigot (1992).

— T translation for A\pji Curien-Herbelin (2000).

— Translation for uDCLL Hasegawa (2005).
Subformula property

Intuitionistic fragment based on input/output formula.
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Conclusion

This work
® New calculi for MLL and MELL based on the construction of the
contrasubstitution.

® Good properties such as confluence (modulo =), strong
normalization, etc.

® Translations from classical calculi via T and @ translations ct.
Danos (1995):

— T and Q translation for Ay Parigot (1992).
— T translation for A\pji Curien-Herbelin (2000).
— Translation for uDCLL Hasegawa (2005).

® Subformula property
® |Intuitionistic fragment based on input/output formula.

Future work
® Relate AL with proof nets.
® Extensions: additives, fixed points, etc
® Can we formulate an untyped version of A\ygLL?

e Translations into other calculi. 23



Contrasubstitution — Definition in AygLL

A term t is linear in AmgLL if it is in the AmiLL sense and moreover. 1)
subterms of the form la.t have no free linear variables; 2) and in
subterms of the form t»?s, only a occurs as a free linear variable in t.
Typable terms are linear!

We define contrasubstitution by induction on the structure of a linear
term t such that a € fv(t). We omit the repeated and impossible cases.

o Jt{a\s}[(b,c) :=t] ifactv(tr),ad {bc}
(t1[(b, c) == t]){a\s} := {t2{a\\7§’(b, c).(tr4s)} if aefv(t)
(®(b,c).t){a\s} := t{a\ *}[(b,c):= 5]
. _Jt{a\sHlu=t] ifacfv(ty)
tiflu:=p]{a\s} = {t2{a\\?u.t1és} if a € fv(t)
(Pu.t){a\s} = t{a\ *}[lv:=+]
(tiwPtr){a\s} = t{a\!b.t;}[*:=s]
Jtu{a\t}[x:=s] ifacfv(ty)
(BERIANT =\ Lo\t =s] iFac f(e)
t1[* — t2]{a\\s} — tl{a\\s}[* = t2] if ac ]CV(tl) 24
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Contrasubstitution — Example in A\yeL

Let t = ?u.(%®(c,d).rs{a, e)), where r is a linear term with no
occurrence of the linear variable a. We compute t{a\\s} for a linear term
s. First, by definition of contra-substitution on ?-introduction:

t{a\s} = ¥(c,d).rs(a, e){a\ x }H[!u :=s].

Because the sole occurrence of a lies in the right subterm of 4, this
rewrites to (a, e){a\?®(c, d).r}['u := s][x := «]. Finally, since a occurs in
the left position of the pair, we obtain:

a{a\((B(c,d).n)ve)lu = s][* :==+] = ((B(c,d).r)ve)[lu := s][* := «].

25



Need of structural substitution for Confluence — Example in
AMELL

Let t = (®(a, b).(B(c, d).s)[* := a] p)Vr, where, say, b € fv(s).

(®(a, b).s{c:= p}H{d\ x }/[x:=a])vr

t y e s{c:=pHd\ x }{b:=r}six*
MR\ et s{bi=rH{e = pHd = #}

B(c,d).s{b:=r}i{p,*)
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